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Abstract 

In  a  traveling  wave  guide,  there  exists  one  mode  which  propa- 
gates with  a  velocity  less  than  the  velocity  of  lit^t.  This  report 
contains  an  investigation  of  the  excitation  of  this  mode  by  means  of  a 
coaxial  line.   It  is  found  that  the  strength  of  the  helical  field  com- 
ponents depend  on  the  solution  of  a  set  of  linear  equations.  The  ex- 
pansion of  an  arbitrary  function  in  terms  of  the  eigen- functions  asso- 
ciated with  the  helix  fields  is  dealt  with. 
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1,  Introduction 

The  present  report  is  a  continuation  of  the  work  done  tiy  this  group* 
in  the  analysis  of  the  helical  type  traveling  wave  tub*.   It  treats  the  prob- 
lem of  determining  the  strength  of  the  modes  excited  in  the  cold  helix  in  terms 
of  the  amplitude  of  an  arbitrary  incident  field.   In  particular  the  case  when 
the  lowest  mode  of  a  coaxial  line  is  fed  in  is  discussed. 

The  important  mode  of  the  helix  is  the  one  that  travels  slower  than 
the  velocity  of  light.  Conditions  are  derived  which  indicate  hov/  the  strength 
of  this  mode  may  "be  increased.  As  an  illustration  of  the  method,  a  practical 
case  v;as  calculax.ed  in  detail.   It  v/as  found  that  the  conditions  were  violated 
and  that  the  important  mode  was  not  strongly  excited, 

Tc  carry  out  the  analysis,  it  was  found  necessary  to  show  that  the 
radial  components  of  the  symmetrical  modes  of  the  helix  form  a  complete  orth- 
normal  set  of  eigen- functions.  This  is  done  in  the  Atipendix  "by  a  method 
similar  to  that  of  E.  C.  Titchmarsh:  "Eigen  Function  Expansions", 
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2,  Fornnilation  of  the  Problem 

The  model  which  we  uae  is  the  familiar  idealization  of  the  helix  as 
a  cylindrical  sheath  of  radius  'b  which  is  perfectly  conducting  in  a  helical 
direction  and  perfectly  non-conducting  in  the  direction  perpendicular  to  this. 
It  is  fotind  that  there  are  in  general  an  infinite  numher  of  non-attenuated 
□odes  of  propagation  adong  such  a  guide:   some  of  these  modes  have  phase 
velocities  along  the  guide  greater  than  the  velocity  of  light  in  free  space 
and  others  have  smaller  phase  velocities.  R.  S.  Phillips*,  to  whom  this  work 
is  due,  shows  how,  by  the  proper  choice  of  design  parameters  of  the  guide,  it 
is  possible  to  eliminate  all  modes  having  phase  velocities  along  the  guide 
greater  than  the  free  space  velocity  of  light.  We  shall  "be  concerned  only 
v/ith  the  lowest  modes  set  up  ^those  with  no  angular  dependence]  and  further- 
more we  need  those  modes  whose  phase  velocity  is  greater  than  the  free  space 
velocity  of  light.  The  inclusion  of  the  latter  modes  is  necessary  for  a  repre- 
sentation theory. 

For  a  monochromatic  source  the  electromagnetic  field  independent  of 
the  angle  0  inside  an  infinitely  long  circular  cylinder  can  be  represented  in 
the  form: 

^r  =  A  T  '^l^^'^^    ^      .   H^  =  B  ^  J,(^r)   F^ 
(2.1)    Bq  =  B  1^  J^(Xr)  F^  ^     .   Hg  =A^  J^Ur)   F^ 

In  these  relations 

.2  _  ^2   v2     «  _  ihz-ici»t 


(2.2) 


•    0 


'Op.  Cit,  (1) 
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If  the  boundary  conditions— vanishing  of  3  and  H  in  the  helical 
direction— implicit   in  the  idealization  are  applied,    there  results 

otJ(>,l3)A         -       ^^"^     J,(Xb)     B     =0 
0  A  1 

(2.3)  2 

^  h^'^'^^  ^   ^  ^  -^o^^^^  s   =    0 

In  order  that   there  exists   a  non-trivial  solution  for  A  and  3,    the   determin- 
ant of  the   coefficients  nust  vanish;      that   is 

(o  h.\  +     tan  V^       _  ^^ /      .  >,  tanV^    _        ]^ 

^^•^'  bk       "  xFrrxbT  •   ^  '  '    '  "biE      "  xFjnx^bT 

For  instance  E  may  be  exhibited  in  the  form 
r 

r-/a.h  a!  h'         % 

where  the  sunmation  is  over  the  roots  of  Eqs.  (2.U),  (2,  U') 

Bq.  (2. U)  has  an  infinity  of  real  roots  and  2  pure  imaginary  roots. 
There  are  no  roots  for  X  complex.  Furthermore  if  the  roots  of  2q.  (2.U)  with 
ti 

then 
can  be  expanded  in  the  series. 


;he  +  sign  are  denoted  by  X,  ,^„,X-,  ...  those  with  the  —sign  by  X'  X'  X'  .... 

-^  /"  1/2  -' 

;hen  it  can  be  shown  that  any  function  f (r)  such  that  y  r  '  f(r)dr  converges 


(2.5)  •       a       J,  (?v   r)     +     a"   J,  (X '    r),    [where  K   ,X'   are   the   roots  of 

^—       nln  nlnL  nn  _ 

""  Eq.    (2.1+)] 

This   question  will  be   treated  more  completely   in  Appendix  I. 

The   relevance   of   the   foregoing  paragraph   to   the  problem   on  hand  is 

as   follows:      The  field  components   for   the   co-ajc  are  knovm  expansions    in  terms 

of  Bessel   functions   of  argument   r.      Hence  these  components  are   expressible   as 

series   of   the   form  Eq.    (2.^)).      But    (see  Eq.    (2.1))   the  E   ,   E-,   H     and  H„   com- 

r   y    r      w 

ponents  of  the  helix  are  -nrecisely,  aside  from  the  factor  F  series  of  the  form 
1  •       "  •  o 

Eq.  (2.5).   Hence  the  equality  of  E  ,  E„,  H  and  H  for  the  helix  to  the  corres- 
ponding  terms  of  the  co-ax  expresses  on  the  one  hand  the  continuity  of  the 
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taiigentlal  components  and  on  the  other  the  expansion  of  the  co-ax-components 
into  a  series  of  the   form  Bq.    (2.5) 

* 
For  the  coaxial  guide   the  field  components  are: 


E-vfave       H     =  H     =  E^i       =0 
r         z         9' 


(2.6) 


^AJ^(r  r)  ♦  B  y^(r  r)*  7  1  F* 


«<>= 


vfhere 

(2.7)  F*     =,lh*z-icut    ^     ^2-j,2_i,,2 


and 
(2.8) 


A     _     _o _     _o 

B     ~     J^(ar)  Jo(br) 


H-wave       E     =E     =Htf      =0 
r  z  "^ 

E^     =     [c  J^(r /)  +  D  Y^(r  r)  j    ?♦♦ 

(2.6')       H^       =     -     «j5^     ^0     y** 

H         =     -     -^    fc  J  (r/)  +  D  Y  (r  )-^   )     F 
z  Co//     Co  0  ^ 


(2.7')   F-  =  ,^^*--^^^      ,    r''  =  k'-h-2 


*m 


and 

C 


Y^(ar')  Y^(br') 


►Sarhacher  and  Edaon:     Hyper  and  Ultra  High  Frequency  Engineering,   page  276. 
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The  component  E     ,   for  example,    is  seen  to  "be 

rh* 
—^     (AJ,(rr)     •.-     BY,(rr)     ?„ 
r  6<*f        nl         n  nl         n         n 

where  the   summation  is  taken  over  the   roots  of  Bq.    (2,18).     The  remaining  com- 
Toonents  can  "be  written  as   similar  sums. 

3.   :te.tching  of  the  Components. 

The  'bo^andar/  conditions   of  the  prohlem  are  clearly  satisfied  "hy 
the  continuity  of  the  tangential  components  of  the   fields  of  the   coaxiad  gaide 
and  helix  at   the  interface   of  the  two  structures.      Thus  we  want 

^\^co-ax=   ^^Uix     •      ^^e^co-ax=   ^^G^elix;    ^^^o-a,  '   ^^^helix^  ^«0^co-ax=^^Ll: 
which  "become  in  virtue  of  the  expressions   for  the  fields  given  in  the  preceding  section 

(,1)     A     3-l^t-ih-^     ^     l_Yr      j(^^).B     Y,(rr)]h-      e-^'^-'-n'^ 
\i»^'       r  tsCO     i    n     1         n  n     1'        n  J      n 


a  a  h.  a'h'  7 

■rf  h^^  ^  -if-  '^^  '^J 


-ieot 

e 


(3.^)ZfVl^^O  *  \  ^i^^<^  J  ^■''^* 


-  iif< 
n 


=  -i/'-rf^t^V'Td-'i''^'']  ''""' 


^^*J'         cu/u   L—      nnln  nl         n 

(3.U)     £  e-^-^  -  ^*°^*I  U^CrrJ  *  3J,(r  r,);     e^^^^  "  ^^^ -^ 


/<Co  ^[A.        Ij  ^^JJ 


-ie4^t 
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The  summations  are  taken  over  the  roots    (infinite  in  number)  of  Eos.    (2.U),    (2.U)', 
(2.8),    (2.K'),  and  X  is  *^«  length  of  the  co-axial  line. 

The  problem  of  finding  the   field  components  of  the  helix   is  reduced  to 
finding  the  coefficients  a.,   a'     h.  and  b'    .     However,    it  is  known  that  the  eigen- 

functlons  |  1.     A  J,  (r  If'   )  •♦•  B     Y,  (r  V  )t,  which  furnish  the  field  components  of 
Vnlnnin'-' 

the  coaxial  guide  from  an  orthogonal   set.     Hence,    if  Eqs.    (3.1)  -   (3»'-^)  are 

multiplied  "by 

^'        Vl(^  ^n  *  \  \^^  ^n))   ;  c/j^(r  ^\)   .  D^  I^(r  r",)); 

^nC'^l^'"  ^'n^  *  \  ^1^^  ^n))  I   L   A^J^(r  r^  +  B^  Yi(r  X  J),  respectively, 

and  integrated  with  respect  to  r  from  r  =  a  to  r  =  b,  t.aere  results  the  six  sets 
of  eauations : 


(3.5)     e  c. 


^  log     I    =     -  iH    !^    j-j^U.,)     .     j^(x^,)] 


IT-    a!h' 
il   -^ 


^|j„(X.    b)     -     VX.    a)]    . 


(3.6) 


B     h* 
n     n 

n  ^ 


'^o^^  ^n^ 


'>-^r.^ 


Za.   h. 


J  n   ' 


J   (A.b) 
0     J 

J^(y  b) 


(3.7) 


TlV 


.'2 


n 


-    i 


Z 


a!  h! 
J J 


^  .2        2 
X'  -Y 


J    (X'.a) 

o     J 
J„(r  a) 


J   (Mb) 
o     J 


j2(br'n)  Ji(^^n) 


=   i,u.  0) 
/ 


x.(x2-r'') 


J,(X.b) 


J^(\.a) 


j^rrTJ- jTtt^ 


.1 


^ 


'-i'-'^f  -<^   L 
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(3.S) 


n  n 


nr 


n 


<(t^n) 


J^^Carj 


=      lU'OdL 


b.h, 
J  J 


x|(^^r■^ 


J^(Xjb)         J^Ovja) 


j^ry^-jTrvr 


•j,(Xjb) 


J.U^a) 


1,     -^o-^ 
(3.9)   c   log     J  e 


Ik 


A 


<j 


and 


(3.10) 


B 


Try. 


j2(br  )      J^Car  )  1    r- 

on  on' 


—  I 


J^(Y) 


J   (X.a) 
o     J 


Jo^^n^^  J7^\?^ 


/^ 


ik 


<0 


I 


J„(V   b) 
o       n 


J^(Ma) 


If  the  D  and  B  are  eliminated  in  the  above  equations,  we  get 


(3.11)        i 


-h*/  ,  a.h.  r-a'.hj 


'vf  =  •""  ^-1=1^  ^j^I 


L' 


^3.12)        i     ^e"''^      log^     =1     ^L.      * 


_     a! 

^  2      1 


X! 


(3.13) 


(3.1U) 


^  h  *  h*     •^•'^     ^  hl+ 


N! 


J       n 


h* 
J        n 


J,n 


=     -  /"  ^ Q,         +  / V 

xxh.^h**)      ^'^        x'(h'+ hr)   ^'^ 


X,(ii. 
J     J       a 


J^   J        J 


v/here  the  b..   b!   have  been  eliminftted  with  the  aid  of  Sqs.    (?.  3)   and  where  we 


have  set 
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(3.15)       Lj  =     Jq^V^  "  '^o^^i^^ 


L\     =  J  (\'l))  -  J   (X'a) 
J  o     J  o     J 


(3.15)        N 


J.n 


^3.^7)      Qj,, 


1    '  n 


J^Uja) 


OrTbT 


n 


Ji(xn)) 


J^cr'^a)    •   "^j.n    j^(r;i3) 


J;^(A]a) 

J,(V-'a) 
1       n 


The  solution  of  the  prohlem  rests  with  the   determination  of  the  unknown 
coefficients   a.,   a',   hy  means   of  the  linear  equations  ((3 -H)     -   (3.1^)J   • 

2qs.    (311)  and  (3.I?)  are  non-homogeneous  and  the  non-zero  left  hajid  terns 
arise  from  the   principal   mode   of  the   coaxial   guide.      The   infinite   set   of 
homogeneous   equations  ^(3. 13  and  (3.lU)j  arise   from   the  cut-off  modes   of  the 
co-ax.      It   is  hoped  that   the  hi^er  cut-off  modes   of   the  co-3X  do   not   seri- 
ously affect   the  field  components  of  the   helix. 

A  numerical  example  will  now  he  given  for  k  =   .628,   "b  =   .36  cm., 
a  =  ,15  cm. ,    0  =  5   ,   we  get 


^ 

^J 

J 

^.1 

% 

X^=     8.U1+ 

h^=     g.U2i 

\  =   -.91 

^1=     • 

-2. 1+9 

V     -1.87 

x^=  16.  UU 

h^=  l6.U3i 

Lp  =      .16 

^2= 

-.57 

q^=      -.08 

X^=     k.hki 

h^=      2.20 

L^  =      .61+ 

N.= 

-36.61 

Q^=  -  3.77i 

x^=  13.9U 

h'=  13.931 

LJ  =  -.23 

N.= 

1.92 

Q^=      -.03 

The  unknovms   a^,    a   ,    a*,    a),  are   then  found  to  he 


".=  #  h 


-h'l 


11+.31+  - 


U78.27 


105.951] 
-  2677.^91] 
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^2 


=  1^  k  «  '   ^°s  !   r^3H.55  -  872. 3Ui] 


where  I  is  the  longitudinal  current  carried  "by  the  inner  conductor  of  the 
co-ax  and  h*  =  ik.  If  these  values  are  substituted  in  the  relevant  equa- 
tions ((3. l)  -  (3.U)ywe  have  the  components  3  ,  B-,  H  and  H^  .   S  and  H 

are  found  from  expansions  of  the  form 

The  coefficient  associated  with  the  slow  mode  is  a,'  .   It  is  seen 
from  i.he  above  example  that  aJ  is  smaller  than  the  coefficients  a,  ,  a       a'  . 

Hence  the  dominant  term  in  the  field  components  will  not  be  that  of  the  slow 
mode.   An  examination  of  the  3qs.((3,ll)  -  (3.lU)^  indicates  that  the  design 
parameters  should  be  so  chosen  that  the  coefficients  in  these  eouations 
should  be  small  compared  to  L,'  ,  N'  ,  Q,'    . 
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APPSHDIX 


On  the  Completeness  of  the  Set  of  Functions  1  r  '  J,    {X     r) |  - 

1.  Introduction 

In  an  investigation  of  an  idealized  helical  wave  guide  of  radius 
and  pitch  angle  0  R.S.  Phillips*  was  led  to  the  transcendental  eauations 


n-,^        LanO  _     n^   /"T  r^       *       1     ^n^""^ 

^^'^^  -^ 2  J^"  -2   -  X  TUT-    •  "=0.1.2 

X   V     cx  n 

v;here  o<  is   a   constant   dependent  on  the  pitch  atigle.      The   roots   of  Eq.    (l.l) 
are   related  to   the  modes   (both  attenuated  and  non-attenuated)   set  uv  by  the 
helical   guide.   He  showed  that   for  n  a  fixed  integer   (i)   Eq.    (1.1)  has  an  in- 
finitude  of   roots   for  x  real   (it)     Eq.    (1.1)  has   a  finite  number  of   roots 
for  X  pure   imat~inary.      Thus   the  ouestion  of  complex   roots   is  still   open.      We 
shall   show   in  this   note   that  Sq.    (1.1)   for  the  special  but   important   case 
n  =  0  has   no  cor.plex  roots. 

For  n=0,    Eq.    (1.1)   reduces   to 

*        o  +     T  J' (x) 

^^•2''  ak  X         J^(x) 

It  v/ill  also  be  shown  that  the  set  of  functions  [  r    J-,  (^  r)  ^  where  the 
X  are  the  infinitude  of  roots  of  Eq.  (1.?),  is  closed.   The  main  theorem 
upon  which  our  work  rests  is  given  in  E.  C.  Titchmarsh:   Eigenfunction  Expan- 
sions Associated  with  Second  Order  Differential  Equations. 

2.   We  are  going  to  investigate  the  se^  of  functions  satisfying  the  differential 
equation". 


(,.1,  li.  .  i  g  .   (^.   !_,  ,  ,0 


dr  r 

subject  to  the  homogeneous  boundary  conditions 


(2.2)  u(o)  =  0,  h[u'(r)  -  i-u(r)]  +  u(r)  =  0,  at  r  =  a, 

where  h  and  a  are  arbitrary  constants. 

•H.  S.  Phillips,  A  Helical  Wave  Guide.  New  York  University,  Washington  Square 
CiDllege,   Research  Report  No.  170-2. 
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Let 
(2.3)  vi(r)     =  r"^/^  v(r) 

The  differential  equation   (2.1)  "becoines 

and  Bos.    (2.2)    take   the   form 

(2.R)  v(o)  =  0   ,     h  ["Ip  (r'^/^v)  -  r"^/2  v)]     +     r"^/^     v  =  0,    r  =  a. 

Let 

(2.6)  v^  =  r^/2     J^   (^   r) 

(2.7)  v^     =  A  r^/^  J^    (t^    r)  +  B  r^'^     Y^   (^    r) 

v^    and  V     are  solutions  of  Eq.    (2.1+).     Apply  the   first  "boundary  condition  to 
Eq.    (2.6).      It   is  satisfied  since  J,(o)  =  0.     The   second  boundary  condition 
applied  to  Eq.    (2,7)  yields 

(2.8)  h  ]j,{f    J[   (tJu:  a)  +  BT^   ^1   (f*  »)  -  I    ^  Ji^f*   ""^  "  I  ^  ^1    ^-^  ^^1 

+  A  J^(Tp  a)     +  B     X^  (7/1  a)  =  0, 


or 


(2.9)     Arh-|;u    J'    (-v^a)   +  J^(-^  a)  -     |     J^^   (A  a)] 

=  -  B     [h-f^YI   (T^a)   +  y^    (-v^a)   -     |     Y^   (TJ^f^)"] 


Set 


(2.10)  A  =  -  [h-y^   Y{    (T^a)   *     ^     Y^      (>^  a)] 

(2.11)  B  =       [hv^   J^    (-/^a)  *     ^     J^   (v^  a)^ 

(2.12)  <^^r,i^)     =     rl/2  j^   (>^  r) 

(2.13)  y  (r,-^)  =  A     r^/-     Jj^   (t(^  r)  -^  B  r^/^  Y^^   (tT^X  r) 
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The  Vronskian  of  Q  and Y^ is  readily  computed,  it  is 

(2.11^)  W(^  ,  -^  )  =  I  B  =  ^(-/^  )  say. 

Finally  let 

a 
v=   y^^^^y  (f>{r\fi)   f(r')  dr'  *    .^£jJ^  ^^  ^(r  •  .-^  )f(r  • )  dr«  . 

It  will  now  be  shown  that  v  ig  the  solution  of  the  differential  equation 
o 

(2.16)  —^    +     (  /^  -     ^  )     v(r)     =  r(r) 
dr  ■  r 

which  satisfies   the  "boundary  conditions    (2.5). 
We  have 

(2.17)  V.      =     J^-^y'^'    <;z((r..X)   f(r.)dr.   *      ^^l^)^    fjrir' rf^DHr^h 
^'-'^^         ^"     =       ^'TC^Uy^^''^^'^^'^  ^-'*    ^:^[j^^j^V(r'.f:)f(r')   d: 

Thus 

(2.19)  v"(r)   +  (^  -  ^)     v(r)  -  f(r)  = 

r 

ll/r«   {T,-fi)  *  {/,-     lZ|)y(r)]       ^  1^^    r  cpiT^-f)  f(r')     dr- 

[<;^  "   (r.yiT)  =   (/-    ""iZ^)   <p{r,^]    _ll_^^^Y(r'.^)f(r')  dr- 

•«■  f(r)  -  f(r)  =  0   . 
Furtheromore, 

(2.20)  v(0)  =  0 
and 

(2.21)  h[|^  (r-^/%(r))     -  r'^/^  v(r)]     *  r'^/^     v(r) 

=  A  [h^  J^  (-V/^  r)  -     I    J^   (-^  r)  +  J^   (-y^  r)] 

*  3  [h^  Y.^   (^  r)  -     I    Y,(^  r)  *  Yi   (-{iZ  r)]  at     r  =  a. 


-lu- 


The  right  hand  side  of  Eq.  (2.21)  is  zero  in  virtue  of  the  definitions  of  A  and 
B  [jk^s.  (2.10)  ana  (2.11)]. 

To  summarize,  then,  we  have  shown  that  the  function  v  defined  by 
Eq,  (2,15)  satisfies  the  differential  equation  (2.l6)  with  the  hoiindary  condi- 
tions (2.5). 

3.  Now  let   M     he  a  root  of  2o.  (2.11-),te., 
C3.1)  -^^-J  -0.      or  a/X    /^  (  — ^^   =  ^   . 

Thus 

(3.2)  W(  ^  .  1/^)  =0. 

Hence,   hy  a  well  known  property  of  Wronskians 


(3.?) 
where 


K     =  ^^^J     =  -  [^i^  ^1  ^^n^^  *  ^  ^1  ^^n  «^] 


-hn 


2a  J.  (-/ZZ^a) 
1  >  n 

1  /  P        — —        T  /  P        ^— 

The  functions  r  '   J^  ("/IT  r),  r  '  J.  (i/ir„r)  are  orthogonal  in 

the  intervgl  (C,a).  /u     and  yx   represent  any  two  distinct  roots  of  So.  '.'^.1), 
We  have  1  See  ./atson;  Bessel  Functions  p.l35j 

(3.5)      f^   r  J^  (V^^r)  J^^  (^^r)  dr 

_  ^n  "1  ^^m--^  '^l  ^^n-^  'K    h   ^^n^^  -^1  ^^m^^ 


^1  ^^n^^  -^1  ^^m^-^ 
^^->^n  -  -^^ 


/^n 


r->;^^  -TTT 


•^1  ^-^Am^^ 


1  ^-^m' 


T 


■V,_5 


h-a 
h 


=  0  . 
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Also 

(3.6)         r  r  j2  (^^O   ar  =     I     a^  |(l  -     -^)  J^   (-^^r)     *  J'^   (^^.)    ] 

A  calculation  shows   that   the  right  hand   side  of  Eq.    (3.6)   is  given  "by  ^  f'*^   {-foe    ) . 
Hence  we  ha-^e   the   result   that   the   set   of   functions 

(3.7)  jL!!!_Ai£kl_ 

is  an  orthonormal  set,  ,  /„     , 

The  set  of  functions  — '  is  orthonormal. 

The  next  question  which  arises  is  the  representation  of  an  axDitrary  function 
f(r)  as  an  infinite  series  in  terms  of  the  above  set,   Titchmarsh*  has  shown 
that  any  function  f(r)  such  that 

/•a  1/2 
(j. g)      /   r  '   f(r)  dr  is  absolutely  convergent  can  he  expanded  in  terms 

^  o 

\  /p 
of  the  Bessel  functions  r  '   J^^  (V/c  r),  where  the  A^  are  roots  of  the  Eq.  (3.I), 

according  to  the  Fourier  representation 

(3.?)   f(r)  =  Z       y^        ^'''^     h   (^.  ^)  f    ^'"''^     h   (V^n^'^  ^(^'^  <i^'  • 

u  (-v/Tj^)  ^  °  ^ 

Furthermore,  Eq.  (3.I)  has  an  infinity  of  real  roots,  zero  or  two  pure  ima?in?ry 
roots  and  no  complex  roots. 

Similar  theorems  hold  if  the  left  hand  side  of  Eq.  (3.I)  is  replaced 

hy  its  negative. 

Finally  \te  wish   to  show  the  relevance  of  Eq.    (3.I)   to  Eq.    (1,2).      In 

Eq.    (3.1) 

(3.1)      ^(X)  =     h^j^a     J{    (T/;^^a)   ■*•   (a-h)  J^   {^^  a)     =  0 

rerilace  -/wl  a     J^     ^V 

(3.9)  >//:^    aJ{{^^a)     =   ^^a     J^d^^a)     -  Ji(V/S,a)     . 

*  E.  C.  Titchmarsh:  Bigen function  Expansions  Associated  with  Second  Order 
Differential  Eouations.   Ch.  1. 
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There  results 


(3.10)  h  V/^^a   p^   (y^^^a)  -     -1—    J^   (^^a)j    *  (a-h)  J^   (-^^a)     =  0 


which  reduces   to 


(3.11)  const.      = 


■{X  ^  -^o^/^n^^ 


J'    (x) 
0 

X  J    (i)        • 
o 


This  is  iq.  (1.2)  and  our  proof  is  complete. 
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